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For a measurable space (Ω,A), let ∞(A) be the closure of span{χA : A ∈A} in ∞(Ω).
In this paper we show that a suﬃcient and necessary condition for a real-valued ﬁnitely
additive measure μ on (Ω,A) to be countably additive is that the corresponding functional
φμ deﬁned by 〈φμ, x〉 =
∫
Ω
xdμ (for x ∈ ∞(A)) is w∗-sequentially continuous. With
help of the Yosida–Hewitt decomposition theorem of ﬁnitely additive measures, we show
consequently that every continuous functional on ∞(A) can be uniquely decomposed into
the 1-sum of a w∗-continuous functional, a purely w∗-sequentially continuous functional
and a purely (strongly) continuous functional. Moreover, several applications of the results
to measure extension are given.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we aim at searching for characterizations of real-valued measures via continuity of corresponding function-
als and at studying decomposition and extension of functionals in the dual of the space ∞(A) consisting of all real-valued
bounded A-measurable functions endowed with the sup-norm for a given measurable space (Ω, A). All measures are as-
sumed to be real-valued. To begin with, we provide in this section basic some terminologies and notations which are
necessary for the understanding of subsequent results.
The pair (Ω, A) will always be a measurable space, and ba(A) be the space of all real-valued ﬁnitely additive mea-
sures. We denote by ΩA the ﬁnest A-partition of Ω , i.e., there is no proper A-reﬁnement of ΩA . For a set A, let χA
be the indicator of A. ∞(A) stands for the closure of span{χA: A ∈ A} in ∞(Ω), that is, the space of all real-valued
bounded A-measurable functions deﬁned on Ω endowed with the sup-norm. We use ca(A), cad(A), and pfa(A) to de-
note successively the spaces of all countably additive measures, all (countably additive) discrete measures and all purely
ﬁnitely additive measures in ba(A). bac(A) represents the subspace of all ﬁnitely additive measures of continuity type,
i.e., all singletons of ΩA are their null sets. We write cac(A) = ca(A) ∩ bac(A). We call the map Φ : μ → φμ from ba(A)
to ∗∞(A) deﬁned by 〈φμ, x〉 =
∫
Ω
xdμ (for x ∈ ∞(A)) the natural (isometric) embedding. The images of ca(A), cad(A),
pfa(A), cac(A) and bac(A) under the natural embedding Φ are denoted successively by mca(A), mcad(A), mpfa(A), mcac(A)
and mbac(A).
It is well known that for any (Ω, A) and any countably additive measure μ on (Ω, A), there is a (unique) countably
additive measure μ on A such that μ|A = μ, where A denotes the μ-completion of the σ -algebra A. However such
extension is limitative. Early in 1905, Vitali [9] showed that there is no invariant measure under isometric transformation
on the measurable space ([0,1],2[0,1]) such that it is an extension of the Lebesgue measure on ([0,1], B), where B denotes
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measure is invariant under isometric transformations? In particular, whether we can extend Lebesgue measure arbitrarily?
This is just the Banach–Ulam problem (see, for instance, [5, p. 153], [6, p. 130]). Unfortunately, the answer to the problem
above is also negative if we claim the extended measure admits continuity. This disappointment makes us to ask which kind
of measures has always a countable additivity preserved extension and how far such the extension of a countably additive
measure can go? On the other hand, it follows from the Yosida–Hewitt decomposition theorem [10] (see also [4, p. 115])
that every ﬁnitely additive (ﬁnite) measure can be represented as the direct sum of a countably additive measure and a
pure ﬁnitely additive measure. Therefore, the following question is raised naturally.
Problem 1.1. Is there a characterization of a countably additive measure μ in terms of property of the corresponding
functional φμ?
The problem above is equivalent to whether there is a suﬃcient and necessary condition for determining that a functional
f is or not in mca(A) ≡ {φμ: μ ∈ ca(A)}?
In this paper, we show that a measure μ ∈ ba(A) is countably additive if and only if the corresponding functional
φμ is w∗-sequentially continuous on ∞(A), or equivalently, mca(A) is just consisting of all w∗-sequentially continuous
functionals in ∗∞(A), where the w∗-topology on ∞(A) is the w∗-topology of ∗1(ΩA) = ∞(ΩA) restricted to it. Motivated
by the notion of “purely ﬁnitely additive measure” of Yosida and Hewitt [10], we also introduce concepts of “purely w∗-
sequentially continuous” and “purely continuous” functionals on a subspace of a dual Banach space: Let X be subspace
of a dual Banach space, f ∈ X∗ , and P be a reproducing cone of X , i.e., P is a cone such that X = P − P . f is said to be
purely w∗-sequentially continuous (purely continuous, resp.) on X provided there exist two w∗-continuous (w∗-sequentially
continuous, resp.) positive functionals f ± ∈ X∗ with f = f + − f − such that for every g ∈ X∗ and for every positively w∗-
continuous (w∗-sequentially continuous, resp.) decomposition g = g+ − g− , | f | |g| implies g = 0, where | f | = f + + f − .
Then, applying the Yosida–Hewitt theorem [10], we further prove the following decomposition theorem.
Theorem 1.2. Let w∗c(A), w∗sc(A), pw∗sc(A) and pc(A) be successively the spaces of all w∗-continuous functionals, all w∗-
sequentially continuous functionals, all purely w∗-sequentially continuous functionals and all purely continuous functionals on
∞(A). Then
(i) The following four spaces
w∗c(A), w∗sc(A), pw∗sc(A), and pc(A)
are w∗-sequentially closed;
(ii) w∗c(A) = 1(ΩA) =mcad(A),
pw∗sc(Ω, A) =mcac(A), and pc(A) =mpfa(A);
(iii) ∗∞(A) = w∗sc(A) ⊕1 pc(A) = 1(ΩA) ⊕1 pw∗sc(A) ⊕1 pc(A),
where ΩA is understood the ﬁnest A-partition of Ω , i.e, there is no a proper A-reﬁnement of ΩA .
Remark 1.3. Granting momentarily the truth of the theorem above we can use it to obtain the following result: for any two
measurable spaces (Ω, A1), (Ω, A2) with A1 ⊂ A2, a suﬃcient and necessary condition for a countably additive measure μ
on (Ω, A1) admitting a countability preserved extension to (Ω, A2) is that φμ has a w∗-sequentially continuous extension
from ∞(A1) to ∞(A2). In particular, if A2 is generated by the union of A1 and ﬁnitely many other elements of 2Ω , then
every countably additive measure on (Ω, A1) possesses a both total variation and countable additivity preserved extension
to (Ω, A2). Consequently, it gives Problem 1.1 and the questions mentioned previously aﬃrmative answers.
2. A characterization of countably additive measures
In this section we shall show the functional characterization of countably additive measures mentioned in the ﬁrst
section. To begin with, we recall some deﬁnitions which will be used this sequel.
Deﬁnition 2.1. Suppose (Ω, A) is a measurable space and that μ is a real-valued function deﬁned on A. Then
(i) It is called a ﬁnitely additive measure on Ω if it satisﬁes μ(∅) = 0 and μ(A ∪ B) = μ(A) + μ(B) for all A, B ∈ A with
A ∩ B = ∅;
(ii) A ﬁnitely additive measure μ is said to be countably additive if for every σ -partition {Ω j} of Ω , μ(⋃ j Ω j) =∑ j μ(Ω j).
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|μ|(Ω) ≡ sup
{∑
j
∣∣μ(Ω j)∣∣: {Ω j} is a ﬁnite partition of Ω
}
< ∞.
Remark 2.2. Clearly, for any ﬁnitely additive measure μ on the measurable space (Ω, A) with |μ|(Ω) < ∞,
|μ|(A) = sup
{∑
j
∣∣μ(A ∩ Ω j)∣∣: {Ω j} is a ﬁnite partition of Ω
}
(for all A ∈ A) deﬁnes a non-negative measure |μ| on (Ω, A). Therefore, both μ+ ≡ |μ|+μ2 and μ− ≡ |μ|−μ2 are non-negative
measures and μ can be decomposed into μ = μ+ − μ− .
Remark 2.3. We are known that the natural embedding Φ from ba(A) to ∗∞(A) is deﬁned by 〈φμ, x〉 =
∫
Ω
xdμ for
μ ∈ ba(A) and x ∈ ∞(A), and the integral is not of Lebesgue–Bochner type if μ is not countably additive. We would
like to mention here that in this case
∫
Ω
xdμ is equivalent to that there is a sequence {xn} of simple functions deﬁned on
Ω such that xn → x in measure such that
∫
Ω
xdμ = limn
∫
Ω
xn dμ.
Let P = {x ∈ ∞(A): x  0}, the positive cone of ∞(A). By a positive functional f ∈ ∗∞(A) we mean that it is non-
negative valued on P . Since ∞(A) = P − P and since int P = ∅, for every f ∈ ∗∞(A) there are positive functionals f ± such
that f = f + − f − . Consequently, a measure μ ∈ ba(A) is non-negative if and only if φμ is a positive functional.
Remark 2.4. We should also remark here that by w∗-topology on ∞(A) ⊂ ∞(ΩA) we mean the w∗-topology of ∞(ΩA)
restricted to it.
Theorem 2.5. Let μ ∈ ba(A). Thenμ is countably additive if and only if its image φμ under the natural embedding is w∗-sequentially
continuous.
Proof. Suﬃciency. Suppose that μ ∈ ba(A) and φμ is w∗-sequentially continuous on ∞(A). For any σ -partition {Ω j} of Ω ,
let An =⋃nj=1 Ω j for all n ∈ N. It is easy to see that {χAn } is w∗-convergent to χΩ ≡ e. Therefore, μ(⋃nj=1 Ω j) = μ(An) =
〈φμ,χAn 〉 → 〈φμ,χΩ 〉 = μ(Ω). Thus,
∑n
j=1 μ(Ω j) = μ(
⋃n
j=1 Ω j) → μ(Ω). This implies that μ is countably additive.
Necessity. Suppose that μ is a countably additive measure, i.e., μ ∈ ca(A). Since there are countably additive non-
negative measures μ+ and μ− such that μ = μ+ − μ− , we can assume that μ is itself non-negative and with μ(Ω) = 1.
Thus, φμ is a positive functional and monotone non-decreasing on the positive cone P ≡ {x ∈ ∞(A): x 0}. To prove that
φμ is w∗-sequentially continuous, it suﬃces to show it is w∗-sequentially continuous at e = χΩ ∈ ∞(A). Let {xn} ⊂ ∞(A),
which is w∗-convergent to e. Then {xn} is bounded by some M ∈R+ . For any ﬁxed ε > 0 and for every n ∈N let
An =
{
ω ∈ Ω: ∣∣xm(ω) − 1∣∣ ε
2
for allm n
}
.
It is not diﬃcult to observe that every An is A-measurable with An ⊂ An+1 and with ⋃∞n=1 An = Ω . Let A0 = ∅ and
Ωn = An\An−1 for all n ∈N. Then {Ωn} is a σ -partition of Ω . Let δ = ε2(M+1) . Countable additivity of μ entails that there is
N ∈N such that μ(⋃ j>n Ω j) < δ for all n N; or equivalently,〈
φμ,
∑
j>n
χΩ j
〉
= 〈φμ,χ⋃ j>n Ω j 〉 =
∫
⋃
j>n Ω j
dμ < δ.
Therefore, for all n > N
∣∣〈φμ, xn − e〉∣∣=
∣∣∣∣
∫
Ω
(
xn(ω) − 1
)
dμ
∣∣∣∣
∫
Ω
∣∣(xn(ω) − 1)∣∣dμ
=
∫
An
∣∣xn(ω) − 1∣∣dμ +
∫
⋃
j>n Ω j
∣∣xn(ω) − 1∣∣dμ
 ε
2
μ(An) + (1+ M)μ
( ⋃
j>n
Ω j
)
 ε
2
+ (1+ M)δ = ε.
Arbitrariness of ε implies that φμ is w∗-sequentially continuous at e. 
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In this section we shall discuss decomposition of functionals in ∗∞(A). Here we need some more concepts and notations.
The following notion of purely ﬁnitely additive measure was introduced by Kosaku Yosida and Edwin Hewitt [10].
Deﬁnition 3.1. A non-negative ﬁnitely additive measure μ on (Ω, A) is call a purely ﬁnitely additive measure if there is no
non-zero positive countably additive measure λ satisfying λμ on (Ω, A); a ﬁnitely additive measure μ on (Ω, A) is said
to be pure if its variation measure |μ| is purely ﬁnitely additive.
Example 3.2. Let Ω = N and A = 2N . Then under the natural embedding we have ba(2N) ∼= ∗∞ = 1 ⊕ c⊥0 . On the other
hand, for each f ∈ ∗∞ there is a measure μ f deﬁned by μ f (A) = f (χA) for all A ∈ 2N . It is easy to observe that μ f is
purely ﬁnitely additive if and only if f ∈ c⊥0 . The corresponding measure μ f is also called a measure of statistical type [2,3]
whenever the functional f ∈ c⊥0 .
Recall that ca(A) and pfa(A) denote the subspaces of all countably additive measures and of all purely ﬁnitely additive
measures, resp. We state now the well-known Yosida–Hewitt decomposition theorem [10] as follows.
Theorem 3.3 (Yosida–Hewitt). For any measurable space (Ω, A), we have
ba(A) = ca(A) ⊕1 pfa(A).
Motivated by the notion of purely ﬁnite additivity of measures, we introduce notions of purely w∗-sequential continuity
and purely (strong) continuity of functionals as follows.
Deﬁnition 3.4. Let X be subspace of a dual Banach space and P ⊂ X be a reproducing cone, i.e., X = P − P , which guarantees
that for every f ∈ X∗ there are positive functionals f ± ∈ X∗ such that f = f + − f − .
(i) If f ∈ X∗ has a positive decomposition f = f + − f − such that both f + and f − are w∗-continuous (w∗-sequentially
continuous, resp.), then we say that f admits a w∗-continuous (w∗-sequentially continuous, resp.) positive decomposi-
tion;
(ii) f is said to be purely w∗-sequentially continuous on X provided it has a w∗-sequentially continuously positive de-
composition f = f + − f − such that for every w∗-continuous functional g ∈ X∗ and for every w∗-continuously positive
decomposition g = g+ − g− such that f + + f −  g+ + g− implies g = 0;
(iii) f is said to be purely continuous on X provided it has a (continuously) positive decomposition f = f + − f − such that
for every w∗-sequentially continuous functional g ∈ X∗ and for every w∗-sequentially continuously positive decompo-
sition g = g+ − g− such that f + + f −  g+ + g− implies g = 0.
Remark 3.5. If X = ∞(A) ⊂ ∗1(ΩA) for a measurable space (Ω, A), then for each f ∈ X∗ , μ(A) = f (χA) (for every A ∈ A)
deﬁnes a measure μ with ‖ f ‖ = |μ|(Ω) such that f (x) = ∫
Ω
x(ω)dμ for all x ∈ X . Since the measure μ has a positive
decomposition μ = μ+ − μ− with |μ|(Ω) = μ+(Ω) + μ−(Ω), f admits always a positive decomposition f = f + − f −
and with ‖ f ‖ = ‖ f +‖ + ‖ f −‖. In this case, we denote by | f | = f + + f − . It is easy to show that f ∈ ∗∞(A) is purely w∗-
sequentially continuous (continuous, resp.) if and only if for every w∗-continuous (w∗-sequentially continuous) functional g ,
| f | |g| entails that g = 0.
Theorem 3.6. Suppose that f ∈ ∗∞(A). Then there is a w∗-sequentially continuous functional u and purely continuous functional v
such that
f = u + v and ‖ f ‖ = ‖u‖ + ‖v‖.
Therefore, it follows from Theorems 2.5 and 3.3,
∗∞(A) = w∗sc(A) ⊕1 pc(A)
=mca(A) ⊕1 mpfa(A).
Proof. Let λ ∈ ba(A) such that f = φλ . Then according to Yosida–Hewitt theorem (Theorem 3.3), there exist μ ∈ ca(A)
and ν ∈ pfa(A) such that λ = μ + ν and |λ| = |μ| + |ν|. Let u = φμ and v = φν . Then f = φμ+ν = φμ + φν = u + v
and ‖ f ‖ = ‖u + v‖ = ‖φμ+ν‖ = |μ + ν|(Ω) = |μ|(Ω) + |ν|(Ω) = ‖u‖ + ‖v‖. Now, it remains to show that v is purely
continuous. Suppose that g is a w∗-sequentially continuous functional on ∞(A) such that |g| |v|. By Theorem 2.5, there
is a countably additive measure κ such that g = φκ . |g| |v| entails that |ν| |κ |. Purely ﬁnite additivity of ν implies that
κ = 0. 
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contains all singletons of Ω , then ΩA = Ω . w∗sc(A), pw∗sc(A) and pc(A) stand successively for the space of all w∗-
sequentially continuous functionals, of all purely w∗-sequentially continuous functionals and of all purely continuous
functionals on ∞(A). Applying the same procedure of proof of ∗∞(Ω) = 1(Ω) ⊕1 c⊥0 (Ω) (see, for instance, [7, p. 129]),
we can obtain the following lemma.
Lemma 3.7. For any measurable space (Ω, A),
∗∞(A) = 1(ΩA) ⊕1 c⊥0 (ΩA),
where the norm on c⊥0 (ΩA) is deﬁned by
‖ f ‖ = sup{ f (x): x ∈ ∞(A), ‖x‖ 1}.
Consequently, if A contains all singletons of Ω , then 1(ΩA) = 1(Ω) and ∞(A) is w∗-dense in ∞(Ω).
Theorem 3.8. Suppose that f is a w∗-sequentially continuous functional on ∞(A), that is, f ∈ w∗sc(A). Then there exist a w∗-
continuous functional u and a purely w∗-sequentially continuous functional v such that
f = u + v and ‖ f ‖ = ‖u‖ + ‖v‖.
Therefore,
w∗sc(A) = 1(ΩA) ⊕1 pw∗sc(A).
Proof. According to Lemma 3.7, there exist u ∈ 1(ΩA) and v ∈ c⊥0 (ΩA) such that f = u + v and ‖ f ‖ = ‖u‖ + ‖v‖. Since u
is w∗-continuous and since f is w∗-sequentially continuous, v is w∗-sequentially continuous as well. Note that every w∗-
continuous functional is in 1(ΩA) and that 〈v,χA〉 = 0 for all A ∈ ΩA . By deﬁnition of purely w∗-sequentially continuity
we know for each w ∈ 1(ΩA), |w| |v| implies w = 0, or equivalently, v is purely w∗-sequentially continuous. 
4. w∗-Sequential closeness of pw∗sc(A) and pc(A)
Theorem 4.1. For any measurable space (Ω, A), the space w∗sc(A) of all w∗-sequentially continuous functionals on ∞(A) is w∗-
sequentially closed.
Proof. According to Theorem 2.5,
w∗sc(A) =mca(A) ≡
{
φμ: μ ∈ ca(A)
}
.
The theorem is immediately followed from this and Nikodým’s convergence theorem: If μn,μ ∈ ca(A) for n = 1,2, . . . ,
such that μn(A) → μ(A) for every A ∈ A, then μ ∈ ca(A) (see, [4, p. 90]). 
Theorem 4.2. For any measurable space (Ω, A), the space pw∗sc(A) of all purely w∗-sequentially continuous functionals on ∞(A)
is w∗-sequentially closed.
Proof. It suﬃces to notice Theorem 3.8 that
w∗sc(A) = 1(ΩA) ⊕1 pw∗sc(A),
and that w∗sc(A) is w∗-sequentially closed (Theorem 4.1) and that any limit of a measure sequence of continuity type is
again of continuity type. 
For any μ,ν ∈ ba(A), we deﬁne |μ| ∧ |ν| for A ∈ A by
|μ| ∧ |ν|(A) = inf{|μ|(B) + |ν|(A ∩ Bc): ∀B ⊂ A with B ∈ A}.
It is easy to observe that μ is purely ﬁnitely additive if and only if for every countably additive ν ∈ ca(A), |μ| ∧ |ν|(A) = 0
for all A ∈ A (see, [1]).
Theorem 4.3. For any measurable space (Ω, A), the space pc(A) of all purely continuous functionals on ∞(A) is w∗-sequentially
closed.
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generality we assume that fn and f are positive functionals. By Lemma 3.6, there exist a sequence {μn} ⊂ pfa(A) and μ ∈
ba(A) of non-negative measures such that fn = φn ≡
∫
Ω
(·)dμn for all n ∈N. It is clear that μn(A) → μ(A) for every A ∈ A.
By Lemma 3.6 again, it suﬃces to prove μ is purely ﬁnitely additive.
Suppose that ν  0 is a non-zero countably additive measure in ba(A) such that μ  ν . Then μn ∧ ν(A) =
|μn| ∧ |ν|(A) = 0 for all A ∈ A and all n ∈ N. Let ν(Ω) = α > 0 and let ε = α2 . We can choose a sequence {An} ⊂ A
with An+1 ⊂ An ⊂ · · · ⊂ A0 = Ω for all n ∈N such that
μn(An) + ν
(
An−1 ∩ Acn
)
<
ε
2n
.
Let B =⋂∞n=1 An . Since μn  0, μn(B) + ν(An−1 ∩ Acn) < ε2n for n = 1,2, . . . . Countable additivity of ν entails that
ε > μn(B) +
∞∑
j=1
ν
(
A j−1 ∩ Acj
)= μn(B) + ν
( ∞⋃
j=1
A j−1 ∩ Acj
)
= μn(B) + ν
(
Ω ∩ Bc)→ μ(B) + ν(Ω ∩ Bc) ν(Ω) = 2ε,
a contradiction. 
Theorem 4.4. For any measurable space (Ω, A), we have
mcad(A) = 1(ΩA) = w∗c(A),
and the space 1(ΩA) is w∗-sequentially closed in ∗∞(A).
Proof. We assume that A contains all singletons of Ω , that is, ΩA = Ω; Otherwise, each element in ΩA is understood
a singleton. mcad(A) = 1(ΩA) is immediately obtained by deﬁnition of the natural embedding μ → φμ . While 1(ΩA) =
w∗c(A) is followed from that 1(ΩA) is just consisting of all w∗-continuous functionals in ∗∞(A).
It remains to show w∗-sequential closeness of 1(ΩA). Suppose, to the contrary, that there is a sequence { fn} ⊂ 1(ΩA),
which is w∗-sequentially convergent to f ∈ ∗∞(A), but f is not in 1(ΩA). According to Theorem 4.1, f ∈ w∗sc(A). Without
loss of generality, we can assume that fn are positive functionals (with ‖ fn‖  M for some M > 0 and for all n ∈ N).
Theorem 3.8 allows us to assume further that f ∈ pw∗sc(A). Let μ ∈ cac(A) and {μn} ⊂ cad(A) be a sequence of discrete
non-negative measures such that f = φμ ≡ φ and fn = φμn ≡ φn for n = 1,2, . . . . We denote by En ⊂ ΩA the countable
support set of fn ∈ 1(ΩA) for n = 1,2, . . . . Then E =⋃∞n=1 En is also countable. Therefore,
‖ fn‖ = |μn|(Ω) = μn(Ω) = μn(E) → μ(E) = 0.
This entails that f = 0 and which contradicts to that f is not in 1(ΩA). 
Corollary 4.5 (Schur theorem). For any set Ω , weak convergence is equivalent to norm convergence in 1(Ω).
We conclude this section with the following decomposition theorem presented in the ﬁrst section.
Theorem 4.6. For any measurable space (Ω, A), the four spaces w∗c(A), w∗sc(A), pw∗sc(A) and pc(A) are w∗-sequentially
closed in ∗∞(A) with
w∗c(A) = 1(ΩA) =mcad(A),
pw∗sc(A) =mcac(A), pc(A) =mpfa(A),
and with
∗∞(A) = w∗sc(A) ⊕1 pc(A)
= 1(ΩA) ⊕1 pw∗sc(A) ⊕1 pc(A).
Proof. w∗-Sequential closeness of the four spaces, w∗c(A), w∗sc(A), pw∗sc(A) and pc(A) is just a summation of Theo-
rems 4.1–4.4. w∗c(A) = 1(ΩA) =mcad(A) is contained in Theorem 4.4. The decomposition
∗∞(A) = w∗sc(A) ⊕1 pc(A)
has been shown in Theorem 3.6. While
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is an immediate consequence of Theorems 3.6 and 3.8.
To show pw∗sc(A) = mcac(A), the one side inclusion pw∗sc(A) ⊂ mcac(A) is followed from the fact that for every
f = φμ ∈ pw∗sc(A) the corresponding measure μ is countably additive and is of continuity type. Conversely, for each
μ ∈mcac(A), by Theorem 2.5, the corresponding functional φμ is w∗-sequentially continuous and vanishes at χA for every
A ∈ ΩA . Consequently, φμ is purely w∗-sequentially continuous. Therefore, the other side inclusion pw∗sc(A) ⊃ mcac(A)
holds.
It remains to prove pc(A) = mpfa(A). Assume that f = φν ∈ mpfa(A), and g ∈ w∗sc(A) satisfying |g|  | f |. Then ν is
purely ﬁnitely additive, and there is a countably additive measure μ such that φμ = g . |g|  | f | entails |μ|  |ν|. Conse-
quently, μ = 0, and further, g = 0. Hence, pc(A) ⊃mpfa(A). On the other hand, given f ∈ pc(A), there is a ﬁnitely additive
measure ν ∈ ba(A) such that f = φν . Without loss of generality we can assume that f is a positive functional with respect
to the positive cone P = {x ∈ ∞(A): x(A) 0, ∀A ∈ A}. Therefore, ν is non-negative. It suﬃces to show that ν is purely
ﬁnitely additive. Let μ ∈ ca(A) such that ν = |ν| |μ|. Then f  |φμ| on P . Note φμ ∈ w∗sc(A). Pure continuity of f yields
that φμ = 0. Thus, μ = 0 and this completes our proof. 
5. Final remarks
We shall conclude this note with several applications of Theorem 4.6 to measure extension.
Example 5.1. Let Ω = N, A = 2N . Then ∞(A) = ∞ = ∗1. Since 1 is separable, every w∗-sequentially continuous
functional on ∞ is w∗-continuous. Theorem 4.6 implies that ca(N,2N) = {μ ∈ ba(N,2N): φμ ∈ 1} and pfa(N,2N) =
{μ ∈ ba(N,2N): φμ ∈ c⊥0 }. Therefore, for any sub σ -algebra S ⊂ A, and μ ∈ ca(N, S) admits a countably additive extension
to (N,2N) if and only if φμ ∈ 1(NS ).
Remark 5.2. (1) Any ﬁnite signed purely ﬁnitely additive measure admits an extension which is both “purely ﬁnite additivity”
and total variation preserved; and (2) every total variation preserved extension of a purely ﬁnitely additive measure is again
purely ﬁnitely additive. Indeed, suppose that A1 and A2 are two σ -algebras generated by subsets of a set Ω with A1 ⊂ A2,
and suppose that μ is a purely ﬁnitely additive ﬁnite measure on (Ω, A1). Applying the Hahn–Banach extension theorem
to φμ ∈ ∗∞(A1), there is φμ ∈ ∗∞(A2) such that
φμ|∞(A1) = φμ and ‖φμ‖ = ‖φμ‖.
We claim φμ ∈ pc(A2). By Theorem 4.6, there exist f ∈ w∗sc(A2) and g ∈ pc(A2) such that
φμ = f + g, and ‖φμ‖ = ‖ f ‖ + ‖g‖
and
φμ|∞(A1) = φμ = g|∞(A1).
‖g‖ ‖g|∞(A1)‖ = ‖φμ‖ = ‖φμ‖ entails that f = 0, that is, φμ = g .
Remark 5.3. We should remark that for a measurable space (Ω, A), the decomposition ∗∞(A) = w∗sc(A) ⊕1 pc(A) is
not preserved under isometric transformation. For example, we consider again the measurable space (N,2N). Let Ω be the
Stone–Cech compactiﬁcation of N. Then ∞ ∼= C(Ω), and further, 1⊕1 c⊥0 = ∗∞ ∼= C∗(Ω) ∼= w∗sc(B). More generally, for any
measurable space (Ω, A), since ∞(A) is an abstract M-space (see, [8] for deﬁnition and properties of abstract M-spaces)
with the strong unit e ≡ χΩ , it is (order) isometric to a C(K ) for some compact Hausdorff space K [8, Theorem 1.b.6].
Consequently, ∗∞(A) = 1(ΩA) ⊕1 c⊥0 (ΩA) ∼= C∗(K ) ∼= w∗sc(B), B is the σ -algebra of Borel sets in K .
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